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Two Concepts of Positive Dependence, with Applications
in Multivariate Analysis

by

Abdul-Hadi N. Ahmed, Naftali A. Langberg, Remén V. Ledn
and Frank Proschan

ABSTRACT

We develop properties and theory for positive orthant dependence,
a mltiveriate extension of Lehmann's positive quadrant dependence, and
right tail increasing in sequence dependence, a multivariate extension
of Esary and Proschan's bivariate right tail increasing dependence. Ap-
plications are then cbtained in the form of inequalities and monotonicity
in a wide variety of multivariate statistical problems, including MAROVA,
contingency tebles, dependence measurement, competing risk models, relie-

bility of series systems, and distribution theory.
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1. Introduction and Summary .

A variety of qualitative concepts of positive dependence have been de-
fined, studied, and applied in reliability, in areas of statistics such as .- - —
analysis of variance, multivariate tests of hypotheses, sequential testing,
and in probability inequality theory. (See, e.g., Esary, Proschan and Walkup
(1967), s!m: (1958), Mallow (1968), Brindley and Thoupaca (1972), Yenagimoto
(1972), Serfling (1575), Barlow and Proschen (1°75), Alw:. and Vallenius
(1976) , Kemperman (1977), Tong (197Ta, 1977b), Shaked (1977), Jogdeo (1977,

1978), anc Dykstra end wevctt (1978), wuong ethers).

In the present paper we study multivariate versions of bivariate positive
dependence, namely positive quadrant dependence (introduced by Leimn.nﬁ, 1966)
and right tail increasing dependence (introduced by Esary and Pmécha.n, 1972).
In Section 3 we develop the basic theory for positively orthant dependent
(POD) random vectors (see Def. 2.k); POD is the multivariate version of posi-
tive quadrant ldependence. We point out that POD random vectors enjoy proper-
ties analogous to the basic properties possessed by associated randon varia-
bles. (See Esary, Proschan, and Walkup, 1967.) In addition, we obtain several
basic preservation properties for POD random vectors. These permit us to ex-
tend the class of POD random vectors to include a large number of cases of
practical interest.

In Section 4 we develop the basic theory of right tail increasing in
sequence (RTIS) random vectors; see Def. 4.1. We point out that the RTIS pro-
perty, although similar in concept to the earlier conditionally increasing in

sequence (CIS) property (see Def. 2.2), neither implies nor is implied by the

e e RS v
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CIS property. However, both RTIS and CIS yield the useful POD inequality
(2.1). Ve develop several easily checked eondifi;ahp for demonstrating ‘
that & random vector is RTIS. Finally, we showv that RTIS random vectoss
arise in certain cases of sampling vhen the underlying distribution pos—

gcese” a random parsmeter. 8

In Bection 5 we present a sampling of usefhi 'éppugqtims ‘of the '
theory developed in Sections 3 and 4 for POD and i&‘IS rapdom vectors,
respectively. These include: ‘
(a) -The MANOVA problem with known covariance ma;-,ﬂi , ;
(b) A characterization ~¢ ,indépendmce' in 2 x 2 contingency teables,

(c) The demomstration of RTIS for random vectors governed by certain

well known distributions or sampling schemes, I i
3 (d) -Many well known measures of association are: shown to be positiw in =~
commonly occurring sampling situations; these include Kendall's «t,
Spearmsn's Pgs and Blomgvist's q. iy

(e). .Competing risk model with proportional failure rates, mitual inde~ .
pendence not assumed; the model is applicable in both biamtry .and
reliabiTity,

(£) Prc“ability inequalities \u:lng POD, applicable to the absolute nor-l el '
distribvtion with random means, the multivariate noncentral t distyie -
bution, end the multivariate gemma distridbution. Additiond&l’ awpu A
cations exist, but are left for subsequent papers. :

.‘.: . i+ Tt
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2. Preliminaries. v
In m: section we present definitions, notatioms, and 't;ﬁic racti
used throughout the paper. | |
We use "increasing" in place of "nondecressing" and "decreasing" in

place of "nonincreasing" throughout.
2.1. Definition (Karlin, 1968). A function f:R? + [0, ») is $otally
positive of order 2 ('.l'P2) ir '

f(x, 5,  2x, ¥,)
f(iao yl) f(&‘,. yz)

20

tormhchoioexl<x2,y1<y2.
2.2. Definition. The random variables xl, sioey xn are conditionally

increasing in sequence (CIS) if for i = 2, 3, ..., n, and all real X, »

PIX, > 2 |X) = %yp vnes Xy = Xy, ]
is increasing in x;, ...y X, ,.

2.3. Definition (Esary, Proschsn; and Walkup, 1967). The random
variables xi. A xn are associated if

Covlf(X;, voes X)), 8(Kpy ooes xn)] 20

for all increasing real valued Borel measursble functiops f, g for which
the ocovariance exists.




- “ -
2.4. Definition. The random variables xl. sess Xn a.re mtu.lly

positively orthant dependent (POD) if

n n
(2.1) Plan(x, >x)]2 0P(X >x,)
i it g e

for all real nvzhers Xys vees Xoo For n = 2, POD coincides with positive

qw.dopAendence (f’@) (Lehmann, 1966).

2.5, Definition (Barlow and Proschan, 1975). Let n be an integer

exceeding 2. A function £:K" + [0, ) is said to be totally positive of order

2 in pairs ('.l'!'2 in pairs) if for any pair of arguments X0 Xy

r(xl. TR FORTITE AT xn). vieved as a function of x,, x, with the ;

J
remaining arguments fixed. is 'I'Pa.

2,6, Remark. Def. 2.4 differs from the one used in the litersture
(see, for example, Dykstra, Hewett, and Thompson, 1973) in that we use:
the right tail (survival) probebilities for our definition and they use

the left tail probsbilities. More precisely, Dysktra et al. (1973) define

H’ sesy xn to.b‘ POD it

j % 0
2.2) Pln(x, sx,)]2 IP(X <x,)
( agk 1 X e "3

The reader should notice that (2.1) and (2.2) coinecide only 41T W 2y

However, for n > 2, the two expressions are not equivalent, for if we
lst X, X,, and X, be rendom varisbles taking values (2, 1,1), (2, 2,1),

AN e s g Sl 1 e S e
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(1, 1, 2), ana (2, 2, 2) each with probability 1/, then simple calcula~ &

tions yield
3 3
P[ n (x1 >1)]=1/4>1/8= [ P(X >1),
i=1 =3 1

3 3
P[ n (xisl)]-0<1/a- 111>(xi s1).
i=1 i=]

As a matter of fact, POD is introduced as a weaker concept of posi-
tive dependency among random variables than associstion. Since associa~
tion implies both (2.1) and (2.2) (Barlow and Broschan, 1975, Theorem,
1975, Theorem 3.2, p. 33), there is no reason to prefer one definition over
the other, except that Definition 2.4 is more directly meaningful in ihe
reliability context.

2.7. Leuma. f"r""xn(xl' R xn) is TP, in pairs => X5 oooy X
are CIS =» xl, iy xn are associated > 11, e xn are associated =»

xlg cvey xn are POD.

(A proof of Lemma 2.7 appears in Esary, Proschan, and Walkup, 1967.)

i v e kel
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3. Po-:l.tiﬂ Orthant Dependent Random Variables.

In this section we present theoretical results about POD random var-

iables. Before introducing the main results of this section, let us pre-
sent some of the desirable properties of POD random variables.
It is fairly easy to prove that
(P)) Any set of independent random varisbles is POD.
(P,) Any subset of POD random variables is POD.
(Pa) The set consisting of a single random varisble is POD.

(P3) If X)5 «oes X, arve POD and g, ..., g, are real valued increasing
functions, then gl(xl), porgely gn(xn) are POD.

(Ph) The union of independent sets of POD random variables are POD.

The multivariate exponential (Marshall and Olkin, 1967), the multi-
variate sbsolute value normal (8idsk, 1973), the negative multinomial,
and the multivariate negative hypergeometric (Jogdeo and Patil, 1975)
are typical examples of distributions of POD random verisbles. For other
interesting examples, see Ahmed, Leén, and Proschan (1978).

Finally, it may be of interest to note that pairwise POD does not
imply mutually POD. To see this, consider the following example.

Example. Let R be the set of equally likely integers, w, where
l<swg8, 'l'henletAl-{l,a, < h},Aa-{l, 2, 5, 6}, and

A3 = {3, b, 5, 6} be subsets of R. Further, let X, be the random varia-

ble defined by the indicator function of the set Ai for i =1, 2, and 3.

Clearly, “1' xJ) ere independent, hence POD, for all 1 = J;

i, ) =1, 2, and 3. Therefore, xl. xz. and x3 are pairwise POD.

R A e i W M st dciin e cnibrs
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3 3
However, P[ n (xi >0)] =P(n Ai) = P(g) = 0,
i=] i=1

vhere ¢ denotes the empty set,
and

P(Xi >0) =1/2 for all i = 1, 2, and 3.

It follows that

3 3
P[ n (xi>o)]-0<1/8- I P(x, > 0).
1=1 1= 1

Thus 11, xz, and x3 are not mutually POD. Next, we show that POD is "inher-

ited” under certain commonly emcountered mixing processes.
The proofs of the following two subsections will make considerable use
of some of the properties of positive quadrant dependence and association-

established in Esary, Proschan, and Walkup (1967), and Esary end Proschan
(2972).

For convenience and ease of reference, the necessary definitioms,

terminology, and basic facts are listed below.

3.0.1. Definitior A random vector Y is said to be stochastically
increasing in the random vector X if

E[£(Y)|X = x)

is increasing in x for every increasing real valued integrable function
f; we write Y¢st. in X.

3.0.2. Theorem. X, eand X, are positively quadrant dependent (PQD)
if and omly if

COV[f(xl), C(xz)] 20




et e e ———

il

for all increasing real valued Borel measurable functions f, g for which
the covariance exists.
The following propertie: hold for associated random variables:
(PS) The set consisting of a single random variasble is associated.
(P6) Increasing functions of associated random variables are associated.
We are now in a position to present the principal results of this

section.

3.1. PQD Random Variables.
Although the theoretical results of this section and the section to

follow may be stated for probability distributions defined on a general
measure space with a partial ordering, for our applications it suffices
to consider probebility distridutions defined on e measurable rectangle

in R (n-dimensional Euclidean space) endowed with the usual componentwise
partial ordering. ‘

3.1.1. Theorem. Let (a) X;, X,, given Y, be conditianally PQD, (b) X, #st.

in ¥ for 1 = 1, 2, and (c) Y be associated. Then X,» X, are PQD.

The same conclusion is true if in (b) + replaces +.
Proof. Let f, g be increasing real valued Borel measurable bounded

functions. In view of Theorem 3.0.2, it is enough to show that

Covi£(X,), &(x,)] 2 0.

Covlf(x,), e(x,)] = E{Covl£(X,), a(x,)]|1}
+ CoviE(£(X,)|¥], Ele(x,)|x]}.
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Conditioned on Y, Xl, X2 are PQD. Thus.by Th. 3.0.2, the first

term on the right side of (3.1) is nonnegative.

From Def. 3.0.1, the ccpdi"tioga.]. expeciations in the second term on
the right of (3.1) are ﬁcreasing functions of Y. By assumptiom, Y is
associated. Thus by (’Pg)‘;’"'the covariance of the conditional expectations
in the second term is nornegstive. It follows that

Covl(X,), g(X,)] 2 0.

Thus, X,, X, are PQD. ||
We now turn to a generaliz-tion of the above result for:
3.2, POD Rendom Variables.

Let X= (X, ..., X ) anda Y= (Y5 «es5 Y ). We shall find the'following

theorem useful in applications.

3.2.1. Theorem. Let (e) 7, given Y, be conditionally POD, (b) X, tst.

inY fori=1,2, ..., n, and (c) Y be associated. Then (1) (X, ¥) are
POD, and (2) in perticular, X is POD. The same conclusion hold if in (b)
+ replaces +.

“afortunately, the elemgnpary proof of Theorem 3:.l.1. :f.or the bivar-
iste case(PQD) does not extend to higher dimensions (POD). For this rea~
son we present the following lemma, vhich is of interest in its own right,
since it yielﬁs & theorem of Dykstra, Hewett, and Thompson (1973, Sec: 3,
Theoren 1) and“ constitutes a generalization of Kimball's (1951) result.
m_mlplwacrueidroleinpmﬁngl‘hew3.21.

3.2.2 Lemma, If !1. «ss» Y oare associated and if 31"1' TITE A )
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|

are nonnegative and increasing for i = 1, 2, ..., k, k 2 2; then

S k
(3.2) 3[13131(11. .v..,‘!‘)] 2 11-11‘ Elg, (v, = Y.)).

The same :lnequa.l:lty is true if the g's are decreasing instead of increas-
:l.ng.m If k = 2, and the expectations exist, we may omit the requirement
th-__:':b_.‘t.hq g, are nonnegative.

Proof. We shall prove the 1m by induction.

Suppose k = 2, By the definition of association (Def, 2, 3),
the fact that gi(yl, Sh y‘) is increasing in all arguments, the inequal-

ity immediately follows from (PG).

Now suppose (3.2) holds for k - 1; i.e.,

(3.3) [ T (Y. )] e (g, ( 4 ‘)1.
) El I ’..'l. Y 2 nE Y 9 ecey !“ 1.
i ’. i 1_181 m 1] &' e

k-1

.Amn'by (PG.)' 1 51(11, o Y ) and sk( soeees Y ave uooc.ute.d.

i=)
It follows that :
& k-1 k-1 ik
(3.4) x[ n si(Yl. K Sh ) 2 Bg (Y ceen Yp) - 3[111131( » e L
Combining (3.3) and (3.4), wve obtain the conclusion of the lemma. ||
2.2.,3. k. “The conclusion of Lemma 3.2.2. vas obtd.ned by

Dyskra, Hewett, and Thompson (1973) under the mupuen that ’1' cees X

are OIB which is & _muswtion than owr umlpuon of lnociu- :
t1on 1 Temma 3.2.2. Mbmo.irn-l.m322cmbemedto—
generalise nnun'o (1951) thoorcnlinceuvred random nrhblo is
nlochtod. ‘ ! %

o “w,', = iR

. “, WrRIESEAEAY
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3.2.h. Corollary. Let (a) X given Z, a scalar rendom varisble, be
conditionally POD, and (b) X, # 8t. in Z for i = 1, .vep ne  Then X are POD.

o

Proof. The proof is an immediate consequence of Th. 3-.2.1&&’(?,)"; N

P
Cor. 3.2.4 is of particular interest fordbbtaining applications of value
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in probability and statistical theory. In statistics n:l.xtu:en of distri-
butions arise in a variety of circumstances. In the area of statistical
decision theory the varizble Z pleys the role of a parameter having a

prior distribution. For most problems in multiple eo-parim.m s

the probability of a correct decision can be given in a form (see, for
example, Tong,197Tb) defined by & mixture of distributions.

3.2.5. Remark. The conclusion of Cor. 3. 2.4 mey pot hold 1f the assump-
tion xi 4 st. :I.n z for 1 - Ly ooy n is drapped as shown by the following:

3.2.6. ' M ‘!'or Z=1, 2, let
(1

o ‘ 1 _i" %

{xln =0 a.s., X! ) b4 wittormly dietetbuted oo [0, 1]} with probebility 1/2,

and h B

x{?) ve wnitornty distrivuted on [0; 1], X{2) = 0 a.8J vith probability 1/2.

Qlearly, X;, xa" ¢iven 7, are conditionally independent, so that they
are conditicnally POD.
anr,lxlxz-OandExI zx,‘,-l/u mm. Cov(X,, X,) < 0.

Hence X, , X, are not POD. If
Next, we show that the woperty ormbmmdc- variables can

be created and preserved thrm suitable eo-b:lmt:l.ou and trmromtiou
S iTriady mL A
of random variables. o ) MO i

N T
R LR kS

The following statements are true m proof in uch ‘case rouon

Tars oo
from Th. 3.1.1, (93). ndm:mtmmmr (xiﬂx) BT ) F
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(1) Let Y = g(X) + Z, vhere Z is independent of X and gt R+ R is an

increasing Borel measurable function. Then (X, Y) is PQD.

(1) For sb > 0, (U, V) 18 PQD, and Z be independent of (U, V), define:
X=U+aZ and Y -V + Sz. R

Then (x"s.!):._;:.‘lm.- . . ; £Ere , Loy 4 v

(111) Let (U, V) be PQD, Z be independent of (U, V), and £, g K2 +R :r.5.

4

be Borel measurable functions. Define:

- x=2U,2), Y= elv, 2).

T e

Let £, g be increasing in Z buf otherwvise arbitrary. Then (I:iY:)‘ is ' PQD.. ..
(iv) Let X = (X, ..., X,) be POD, g : R + R be Borel measurable in: .
creasing functions for 1 = 1, 2, ..., n. Let Z be independent of Xi7  : .. ;

Define Y, = 31("1) +2,i=1, ..., n. Then Yl, ey Yn are POD.

.
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L. An Extension of a Concept of Positive Dependence.

In this section we extend a wseful concept of bivariate positive de-
pendence to its multivariate version. We develop sufficient conditions
for this type of dependence, and derive some inequalities and monotonicity
of conditional survival functions that result from it. The inequalities
can be used to determine whether over-(or under-) estimates occur when
one acts es if positively dependent random verisbles are independent.

Esary and Proschan (1972) def:lne a random varieble Y to be right tail
Angreasing (RTI) in ‘s rendom ‘varisble X 1r ’

P[Y > ylx» x]

A0 ..

h increasing in x ror all real numbers ¥.

In the mlt:lve.r:l.ete case it is aomevhat surpris:lng that nq analog of
this concept has yet been proposed. In this uect:lon wve define a natural
multiveriate:version of RTI, neme]y r:lght teil increasing in sequence
(RTIS). We give sufficient conditions ror its existence, and show how
it relates to other knovn"_,qultimiete dependence notions.

b.1. Definition. A aequence of ru_:dan vnr:lebles Xyseses X 18 suidd

: "to be g_igt uu :lncreug:_g in _sequence, ARTIS). if

e R 53 )
1. J S
SRR 1o 5 | ) A i & P[xi'l i'll n (x > x )]

oo Ot pra
= t e

L1 ¢

is increuingvin Xys eoey Xy for i = 1,2, .voynn =1,

b.2. Remark. It is easy to verify that RTIS ee POD. Thus, showing
that a random vector is RTIS immediately yields Inequality (2.1).




Bincg,xz" st. in xl - x2 RTI in xl (See, Eu;y, and Proschan, 1972),
i E *

1¢. may'be tempting to conjecture that X, ..., X CIS = X, ..., X. RPIS. :

However, this is hot always true. To see this, consider the following.

h,3, le. Let X;, given (x., Xz). = (xl.;’ xz}-"b‘__“-""«'ﬁb‘“@
according to the normal l!(xl + xé, 1), and' let (Xl, Xz) be qoinf;ly Ais~ { ;
| tributed according to iy “ - |
‘ Jie a b ¢
‘% Il .2 0
D el 0 2
| .l 's .0 ° . |

vhere a < b <ec.
Mh,%#st.in(xl xz)mdx +st.1nx1 Thus, X, , xe,

xa are CIS. However, it is easy to check that : : e e

i s

I’[x3 > g|x1 > b x2 >a) < p{x > p,!xl Nt ]fz 5-a);

1.0, ByoXge Mg avegetitrs, ©
A similar éxsmple can eu:l.ly be constructed to show that ‘RTIS 7 “CIS. T
Thus neither concept implies the other... : e b

% PR
W)

untintod by Example , 2, ve preaent euiJ; checked nur.f:le:mt
eonutiou ror a uq\nneo of mdou vu'hblu to be RTIS.

The following theorem can be applied (see Subsection 5. 3) 1n o very
general context to m monotonicity of the contional survival problbil-
ities w4 to cbtein general inequalities for s vide variety of stendard
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multivariate distributions snd ’rocué!‘a.

b4, Theorem. Let F a(Xy e ceea x ) 2 B[ n(x1 >.x,)] be TP, in eech pair
i=1

of mta for fixed values of the remaining arguments. Then XysievenXy
are R'J.'IS. Ibrcover. every permutat:lon of xl, iy x is nms.

Proof. Let X3y eees Xy be fixed at -», Then f’a(xl.‘;z) is 'l'Pz:ln

== < X, X, <= By a result of Barlow and ,Proschan (1975, T™h. 4.2, p. 153),

XzilmmXI.
l'orﬁudxe,fa(xi.xa,x:,) ia'erin-<x1,x3<-. Thus
P(x, > X4lX, > x,, X; > x)] 1:*1nxirot-~m13.

By symmetry, li'[x3 xalx > x5, X, 2 x1] is #.1n *2 for all x,. "It follgws
that >
p[x3 > ::3|x2 >x%, X; >x ] is ¢ in xl, x, for all cho:lcea or 13,

A€ X, 18 FII in (%), X,). Repetition of this argument yields the de-
sired result that X, isR'I'Iin(xl, ....x )for:l.-z.....n. Thus

X5 «ees X ave RTIS. By symmetry, evei-y'penﬁiai:‘fdn-ér’xl','.....xn 18 ¢

rr18. ||
!‘.J_M It is true that the hypothesis of Th. k.3, togethes with an

additional condition (See’ x.-p.nm. 1977, Sec. 6, Assertions (i) ana
(114)) also yield CI8 vhich upn.. ‘PoD. However, it ia importent'to -
nmmmuomtmbmawthoms conicept are different in
nature from those obtdmdumthommecpt " ‘Mofeover, 1t is otvious
from Definition k.1mmw«mﬁum&muw
RTIS is much less than that needed to demonstrate CIS. In sdditiom,




there are situstions, particularly in reliability theory and biological
studies (see Subsections 5.3 and 5.5), in which RTIS and not CIS is the
relevant concept. .
Another interesting sufficient condition tor'Xl. ety xn to be RTIS
is contained in: ‘
4,6. Theorem. Let X)s oo X » Eiven ), a scalar randmm varisble, \ |

\

be conditionally 1.i.d with common TP, density f(x;, A). Then X, ..., X,
are RTIS. Moreover, every permutation of xl, cesy xn is RTIS.

;l;efore ve prove Th. L.5., we present the forllowing notation and de-
finition. ol

B 4
PR,

tet X e (x, ..., Xy 15 Xygqs +o+s X3)e Zoet, the vector cbtained from

X by deleting x,. We define X to be % itive by deletion (TPD)
S aid O el

if X has a density h satisfying R

B(xy, oo %) Bl eeey®y g0 X K eenn X)) | R -
120
h(Xi. seey Xi_l, X, Xi’lr....,'i x"-n) h(:i: cee ”é)
for all x, < xi, i=1, ..., n. (This notion hcmﬁ.@"”“‘“ by

Alsm ed Valldnime, 1976). bl S

We will Break the prodf of Th. k.5 into e sequence of lesmas as ‘follow: oo
!‘1'—& Let m xlr'.-co. &0 “"‘_ A..'.mm.b. ST

independent random varisbles with o cm&;r?z density f(x,, A).'@nl
is TPD.
Broof. Since f(x,, A) 1s TP, then
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REETEET TR OB @
(&.2) ? ' d 3% i e
2(x;, A') £(x}, A') :

m:1 1.::41:1'

mupuu. the top rov of (4.2) by n r(xa,x) and the bottom row
J=1, i=1

n
v 1 r(;.x-) vhere x sx-rorm.g-l....,n.au,nmun
J#i,4m) 43

h(".l.’ ...,'xi, ...; ih; A) : h(il, cees Xy_gs 42','_. Xygs oo x"‘; iH
h(:i. i ‘i'.-l’ X xiﬂ. cees X35 A) h(xi. S x s AY)

for every x, s xj, 4= 1, ..., n, and A€ A'. Thus X 1s TPD. ||
Next we need the following:

b.8. Definition (Harris, 1970). A set of Fiilon vaiAibles -

Xys oees x 1- said to be right corner sg increasing (ROSI) if

'P[ (x, > x,) (xsn"'— ¥
1:1 f"n E

is increasing in 11. svey xn for every choice of xl, cosy 'n

* Mo fewmn, XX, ooop X, ave RCSI, then X, «oecs X.mm
Moréover, ‘évery periirtation of X,y ..., X, is RTIS.

e i

2 n v (%01 31. -.-;'xnjl"‘ﬂ m.m‘

P (x ‘ L '.?1-:‘»;"
[121 >x,)l n x> )] - 2 - ook
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is increasing in xi, sess X for all choices Of X;, +++s X, . Therefore,
for fixed J, | %

i< g

n
n (Ii > xi)]

Plx, > x,,
; 3,

<k

7y
Pl n (X ')
121 1 > %))

is increasing in'zi,‘ Vo5 x"l for all choices }or xJ.
lﬂmmxi"-‘formi'l. -..,J-l,“obtdn’
g e LT Tt ECRERE N
is increasing in x.i. e xj-l for all choices of xJ. Since J is a.fbi-T
trary, X;, ..., X are RTIS. By symmetry, every permitstion of Xis sevs X
is RTIS. ||

Proof of Teoren b.6. By Lemaa 4.7, X is TPD. By Cor. 3.k of Alam
wid Vallenus (1976), X,, ..., X, ere RCSI. By Lemma k.9, the proof

3.Por our next; result we need the following definition.
1.10. Definition. A set of n distribution functions rl“), AR

rnm 1s said to have conditional proportional hagard functioms if

=Ac 1R( x)

rim(x)-l-e LR KL i,

vhere C s eoey C OTE positive constants, A is nonnegative, and R(x) is

en increasing function with R(0-) = 0 and R(e) = =,

—— ~r -—z
N L P OUBLG Ao

>0 aloiaulai: car i
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When R(x) = x*, & > 0, we obtain the".fnniar Weibull femily which'con-
tains the exponential family for o = 1. ey

The following theoren has interestingepplications involving competing
risks or fatigue models; see Subsection 5,5.

4.11. Theorem. Let Fl(”, s li‘n(” have conditional proportional

hazard functions, vhere A is distributed nccording to G. Then - -
(1) P (xl, ceer X)) = =1 !(”(xi)do(x) is TP, in pn.trs. and (2) X is RTIS.
g=1 ¥4 ,
Proof. (1) For Pixed i, §, let xkbe fixed for all k = i, k = J,

end k =1, 2, ..., n. We may write

s (2) (1) (k)
,5(’1* ooy Ryyoadey x R xn) - [? (x )P 4 J):Hi 3 xk (xk)do(l)
since P 1s TP, mo?;i,u-, and?‘”is'.l‘?ain0<xd,l<- we
v : o . . A

use the eqpocit:lon theorcn (xa.rl:l.n, 1968, p. 17) to obtd.n the mm
eonelu-:lcn. ' : i ,
(2) The desired conclusion is an immediate consequence of Th. U.6. N

¥4 e ! : b aLaed

- an & +
'}_., ST f 24
L O i

5 ;:‘: \‘w s , . '_- 3 : -
: ."";“"‘e., w‘."" la;‘ ("7 .—’.“

s e Slee S i ’ glas o f < AU R
O at), MMWWM.‘. EVEIL SR B 5 A W
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* 2+ Applications To Statistics and Probability.
5.1.: The NANOVA Problem With Known Covariance Matrix.

In this type of problem, one observes a normally distributed pxr ran-
dom matrix [X] with E[X] = [u]. The colummns of the matrix are independent
vith common covarience ) which can be taken, without any loss of generality,

as Ipxp'

The problem is to test the hypothesis:
Hy: (u] = [0]
H: [u] = [0]
The maximal invarient test statistic for this type of problem is

z-.-. (Ll’ soey Lt)’
vhere t = min(p, r) and L2 L,2...2 £, > 0 are the nonzero characteris-

tic roots of Xx'.
To. study the distribution of £, one can assume that [u] = D, (a ai-

agonal matrix with the A's on its main diagonal), since £ is invariant.
Then XX' has the same distribution as TT , where Tpxp is pov a randem

lower triangular matrix whble elements T“(i 2 J) are mutually independent
vith the following eistributions: i o

., v BEOI2,

2 1/2 ;
Tii ~ [x n-i’ll ] 2 s 1 < Po

T

13"'(00 1) » 4> J.
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For p = 2, if rank (u) 2 2, .., if Ay» Ay > 0, one has explicit

expressions for the two characteristic roots 44+ &, of TT' in terms of

the elements of T in terms of the elements of T. It can eui]y be shawn
that: L.I. L‘,, given (A s A ), are conditionally PQD lﬁxrthermore, L is

vid;

st. ¢ in (xl A ) for i = 1 2, e (xl, A ) is e.ssocie.ted. Appea.ling

to Th. 3.1.1, we obtain the following

3.1.1. Result. lLet (Ll le) be constructed as described Just above.

Then (ll. La) is PQD, i.e.

P(lls\xl,l.zsixz)zp(tls\xl)oP(lzsua)

r * Tt & FLL AT IS ST o
for all positive'real numbers ., .

Characterization of Independence in 2 x 2 Conti Tables.
In & 2 Ly 2 contingency tu.ble. the exper:lmgnter .may examine the a- ...

vdhble da.ta as to the occurrence or nonoccurence of the events [x1 52].
where .xl. xz are random m;.-.bles‘ and e -,e a.re_»tzixed_rul n_begp.

Jogdeo (1968) detemincs & suitable family of bivariate distributions
such tm the independence of the eventl sbm is equivalent to the ipde-
pendence of the paired rnndou variables, and :l.ntroduces a nultim:ute
analog of the bivariate case. ‘ . T

Theorem (Jogaeo, 1968). Let (X, X,, X;) ‘¢ POD. Theh X, X,, x3) o
be POD. Then 11, xz, 13 are independent if and only _1?

(1) lxixd - lXili,tt ®J, =1, 2, 3, and

(2) Any cne peir, say (X;, X;), satisfies B(X X, [X;) = x(xllx3)x(x.‘,lx3).

&

|
‘:.
{9
{

| 8
e
'3
i
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We extend the above result to the Ease when the ‘da,ta are observed

in a random environment; i.e., when Xl. X2, and X'3 are only conditionally

POD. An immediate consequence of Th. 3.1.1 and Jogdeo's result is the
following: :
5.2.1. Result. Let xl. xa. and x3, given A, be conditionally POD.

Then xl, xe. and x3 are independent if and only if

(1) n(xixalx) = E[inA]E[XJIA], i#23;4,3= 1,2, 3, end
(2) One of the pairs, say (JL_L, xz). satisfies

ElX,X,|A, X,) = EIX, 2, X 1B, X1

5.3. Monotonicity In Conditional Distributions.

A number of inequalities have been derived recently for various mul-
tivariste distributions and then used to obtain conservative simultanecus
confidence or prediction regions. See, for example, Broemeling (1969),
Folks and Antle (1967), Jensen (1969, 1970), Khatri (1967), Shekea (1975),
¥1aax (1973), Jogaeo (1977, 1978), Teng (1970, 1977), snd Amed, Leén,
and Proschan (1978). A simple unified method of obtaining such inequali-
ties is by showing that the random variables treated are RTIS.

In this subsection we show that RTIS éxists among the random varia-
bles, apd among certain functions of them that are governed by certain
additional multivariate distributions. We rely on Th. 4.6 to demonstrate
The Multi nﬁ Negative Binomial (Ne t.n-lolntin
This distribution may dbe generated as follows. Let Xi, veuy xn.
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given A, be independent random variables with common Poisson density

Ax -A : R $ET £ gt
f(xll) -._'gtiv x=0,1, .c0312 >0,

where A has the gamma density

&) = TT'T % 2e A > ga > 0.
By Th. 4.6, we immediately obtain:

2.3.1. Result. Let X be comstructed as described just above. Then

X is RTIS. ' _ &
ii) The P ) Urn'Schane Random Variables.

Suppose that repeated drawings are made from an urn which contains
red and ’bla.c.k 'balla, say. Suppose thsat . -after each drawing, the 'ball is
rephced. &‘!.ong with ¢ > 0 balls of the same color.bv‘Further, assume that
therelrer> Oredballa and b > 0 black balls in the urn st the time of'
the first d:rw:lng. '

el 12 ifthe:l.?.?.drwingiare_d

Let e D 5 :
0 1if the itB drewing is black,

1=1, ...,0. It can be shown thst the random varisbles X ; ..., X are .
stochastically equivalent to & mixture of mdependeﬁt Bemoull:l(x) ran-
dom varisbles with A~ Gemma(Z, -"1). By . . 6. e muatehr obtain:

2.;.2. lbsult. Let X be constructed as Juat abm '.'l‘hen x is M‘IB

N7 |

i111) Positi dent Mixture (PDM) Random V les,
M wad T, ‘1"' 4at ee i ny mpe d" l ,‘ Sk I,th‘
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mixture of distribution functions. Let F, (x) denote the cdfr of

X% Xs «oes X ). Fods called a mixture of distributions if there are
- distribution functions G{i)(xi)(which depend on A and:i) ard H(A) such that

F admits the representation

' (1)
Fi(xl. veer X)) = { = 1 (z, )dn(a)

In particular, :I.fG(x)does not depend on 1, i.e., X X '...,x,given

X, are conditionally i.i.4, then the unconditional random variables

xl. cees x“ will be PDM, An excellent expoaition of this subject in- ;

cluding related interesting results in probability theory and statistics,

appears in Shaked (1977).

Now suppoge Gi(xi) = G‘(x). where G possesses a TP, density in (1, x).
By Th. 4.6, we immediately obtain: St o, ?

2:3.3. Result. Let X be PDM such that Xlll has & TP, density. Then
X is RTIS,

.. 2a3:l.  Remark., The result is of particular interest in reliadility
theo;y. for if xl,. cosy xn are the random life lengths of n identical

compotients of a complex system which operates in a random ‘environment ,
and 1f, given the enviromment in which the system operates, JL_L, o X

given p, are:i.1.d. random Mnblel.'whoré P is a meéasure of theomr:lty
of the enviromment. It is common practice to compute the system l’ih il
di-tubuticn under the un.peion that the component. life lengths u\p :ln-
dtmdurt However, if xl. given p, has a TP, density in (x. p) (c.g..

e R T R T SRR

————

e
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xllp ~ Gaxma (a, £) | then te component:1ife lengths are. RTIS Hence,

it beccjn possible to determine vhether under-estimates or over-estimates ..
result from the assumption of component independence, when in fact the

component life lengths are RTIS.

5.4, An Extension to Lehmann's Result Concerning A Class of Positive
Dependence Measures. = - - '

An important class of dintr;butiom wvith poc:ltive qmdrcnt depcndcnee
is furnished by Theorem 5.k.1 below. This class is essemtia.uy an exten-
sion of a similar class considered by Lehman (1966, Th. 1), nanely the
class containing the measures or usociation, l(endall's 1.' Speu'mn 80,
end the quadrant measure q considered by Blomoqvist (1950) , since ve allow
the purs of random miables to be conditionally PQD (e.g., dependent -
on & random environment), i.e., F,(x,, ¥,) = g"i("i’ ¥;)a(e), where G

is a probability measure defiﬁéd on Qc R : o R
Before stcting this theorem,we find it convenient to mtrodﬁee the
ronoving deﬁnit:lon. We say thet real valued functions f and g of n o
arguments are g_qgsm ir, considored as functions of the iti coordinate. - -
(with all other coordinates held fixed), they are mogotone in the seme
direction; 1.e., either both increasitig or both decreasing, i = > P .

S.4.1. Theorem, Let (x;, rl)lw. ceen (X, Yn)_l“ be independent
pairs of random variables satisfying the conditions of Corollary 3.2.4, vith

JM um‘m ':’ sosy ’:. miw. Let t. e =>Rn + R be m—~,'

cordant functions. Finally, let X = r(xl'.v ..... xn)' md Y= s('fl. Seiy ‘Yh).\'l

Then (X, Y) are PQD.
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5

Proof. Using Th. 311,wewproveﬁh 5. hlbycrgxmnts sild.lu'
to thooe used in the proor of Theorem 1 of Lehmenn (1966). || |
. T = cbv[sm(xe -X), sen(Y, - Y,]

b = Hovlsn(X, - X)), sen(Y - 1)1,

where the X's and Y's ere as described in Th. 5.4.1 just above. ¥ end p

are known as Kcndn.u's and Spearman's measures of uaociation. respect:lve]y.

let v nnd v denote the mdinn of the marginal distributions of X and
Y, and let r(x) and g(Y) denote the indicator functions of the events
(x > u) end Y > y) respectively. lhen

Q=Elrg + (1 - 2)(2 -g) - £(1 - g) - g(1 - 1)]
is known as Blomqvist's measure of association.
We note here that Lehmann (1966) has shown that if (x,, Y,) is PQD,
i=)3,2, ...,n, then 1, p.. and q are all nomnegative. We may now ex-

tend Lehmenn's conclusion to: 4 .
5.4.2. Begult. Under the hypothesis of ™. 5.k.1, the measures of ..
positive dependence of X and Y, Kendell's €, Spearman's Pgs and niqv;lt'l

q, are all nonnegative.

mmuotm-mzmmumm.mm
mmum ndmuriu systea in reliebility.

m_mms_m.. hwm-hmamtokmuot

death. If ceuse 1 alone were operating, the rendom lifelength of the or-




m-vqldbc'!i.i-l. ....k. bc-datnobtnudvmmcamu

are oerating, the problem is to estimate the joint survival ﬁmction ot
!'1. Saisla k' the marginal distributions of the '1'1. AT Tk' as ve.u as

various other distributions 61' interest. SBee Gail (1975) , Sethuraman
(1956), Benjamin and Haycocks (1970) , Moeschberger and Devid (1971), ana
Devid (1976).

(2 ) Series m Model. The ig conponent of a series system hu %

rlndon.:l.vi_mmh 1 121, covigke I"ro- data obtained on system life-
length T = u:l.n(-!'l, ey l’k) and the component causing system rdlux:e,

the problem is to estimate the Joint survival function of '1'1. cees Tk,the :
(marginal) distributions of the k components, and the d:lstr:lbution of
system lifelength.

In the literature, it is often assumed that the random vgr_:._nblu, S TR
Tys eees T, arve mutually independent. In this aubsection ve. derive bounds

on the joint survival mnct:lou of T:l.’ eiieiy Tk when tho usmption of

hmu is mvdid.b (See nmdt-.rohnaon. 1976, for s d:llcuuion or
the bicmetric case and Cohen, 1968, and Lnngberc. Proschnn. and Qu:ln;i. :
: 1977, for discussion of the reliability case). ~To derive thue bmmdn.
ve use the thearetical results establighed in Sec. b,

4

-
S 4

For oiqnc:lty we use the language of the relisbility -odcl; tho
mut-.mu.mmwmbweum Tet

ad ? (t,_. sesp tk) = m > tl. R m! > tk]

J(t) - r(r s t]; J(t)‘ P!!’ > t]. .r(tl. o "x’ - r[r P 1-.1. vees :\‘ s ‘xl' :
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) : e
ry(t) = - w; los Fpltye ooes tdly ol o e

»

the failure rate of component J at time t given the system is still func-
tioning. Since the system 18 a series system, then the corresponding
system failure rate r(t) is given by .

YRy

In some practical situations it is reasonsble to assume proportional
failure rate functions which depend on a random env:lronmt (lh.rrin and
Singpurvalla, 1968) llore specifically,

rJ(t‘IA) - aazt(ﬁll)_» &

. where each a >0andfa -1,mdx1sthermdomparueterrmeuntn¢

3 "%
the severity of the environent. By Th. 4.11 we immediately obtain:
2.5.1. Result. k. e '”x be the lifelengths of the compodents

of a nriu mten with failure rate f\mct:l.onl ag ducr:l.bod Just above.
Then (c) X ....'rkmlms. and (b} PI'r Y f.J, 3 =1, ceop k] 2

e

!P[!'J>t]

J=1
2. Jark . nmhhmdhnwmobemdwlﬁiﬁi%

random variables X, , ....thwamytm nin {a X}hlll ;

1sysn
m u.mmi“ for every M“ .i’ 0‘. ;Qo. ‘n > 0 are mi 10.0.
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P[ min {a,X,} > t] = exp(-k(a,, .., )£*)
l.ﬁsh. : ‘1 ."

for all ¢ 2:0/and scme @ > 0 and k(s,, esr @) 0. (See Lee, 1977, - 2

for a detailed umh-u of this class of random nr:l.nble-.) late tm
the multivariate exponential distribution of Marshall snd Olkin, 1967. 4
. @overns random variables in this class.

2:6. Probability Inequalities Using POD.
- In this qul_:__ugt:lm. by using the POD property, we show how to obtain
 ® musber of probebility inequalities,for rendom varisbles governed by
vell known u.ﬁ-mﬁ:&-. We r;h on the theory developed in Section.3
to obtain these imequalities.

i) - The Absolute Normal with Random Means.
Lot ,(‘1' X,) have the bivariste normal u;tribution

| e

Mo<p5u11u2<1/porl/psulluasp<0. Thenforx1>o.x2>o.

BT,

Das oupu w -1. (1911) have shown toat (x 1, szl) is PQD. In fact, this

mutisthoﬁntotitlnndtortheeueormrom L,
An interesting extensicn of the above result, based on Th. 3.1.1, is .-

the to.‘l.lov:l.u. oy ' msfl “;;:-.i?;.{
M w (x,_. xz) bave the bivariate ua-;. umgmu

CEL g
R TN " “)l [’ lH ol tuditdald LLudieh
A ik Pl
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mo<pSc<1lpor1/pSc$p<o|ndeha.r'v.'1'henror

B0 x>0, Plix) 2 x, X 2x,)2 Plix] 2 xllP[lxgl z x2]

(11) mga_:gm Noncentral t m.tribﬁig

I.ct! (U +A)(8/¢'v_) »J =21, ..., m, vhere the U's and the

8's are a.u mutually independent, each UJ has a unit normal distr:l.bubién.

distribution of YJ.’ ains !‘ is a noncentral mlt:lvlr:ltte t diltributiq;.

There are two ways' in wvhich positive dependence can be introduced
among the random variebles:

(a) Replacigg 8 by the same §  and v, by v, vith 8 distributed as
R wvithv degrees or rreedon 80 that

Y, = (v, +x)(8/v")l.,j-1

(b) Retaining urm-cnt ead independent S, 's, but Rl o swss

(u. s cees U) to hm an cqui-eon-ma Joint stendardised hntinou‘ln.l

diltribuum wvith o poutivo correlation coeffictent.

Ts. 1f every noucentrality parsmeter is =
%o the distribution fs called o ssutral multivariste ¢ distrivution; "
Ao immediste consequence of M. 3.2.1 1s the following:

2:6.2, Besult, (1) Bach ofmmimm_mm;m

(v) 1a POD; {.e.,

vectors descrided Just sbove in (s) end

R e e

and SJ has a X distridbution wvith vJ degrees of freedom. Then the Joint

fal

§ N

‘.4
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P[ ﬂ (Y > YJ)] 2 ?[’k ’...Yko hIz]'.

b

vhere the It,a are nonenpty subsetn of {1, 2; .ivv; m) whiose wiicn h

{1) 2’ LY ‘}.- > # i den Ly & A CRhE A
(2) The eame conclusion is true if dn (1), Ay = A, vhere X'dsd Fan-
dm varisble., | B S e

‘1!12 Hu.‘l.tinr:lcte Gamma Distributiga.

A distribution with a marginal »* distribution arises naturally in
the following vay. Consider a randon n-ple of size n deterlimd by n
independent vectors (x Xy coes xm), i= 1, *++» B, each vector having

the same multinormal distribution with variance-covarisnce matrix v yith
egch diagonal element equal to 1. Then the statistics

8, = 7 (%, !J)"”. Fady sl mh'have aX2 . aistrivution. e
1=1 il

Joint diltri'b\ltim of 81. sees. 8 ~may, following Krishnaiah (1963). 'be

"Itiausocl.uodt

lmmm,w__m (seeMtLler, 1958). "For m = é- th-

conditional diltril;utim .of (1111 bedy Xn) ‘given (‘12' seey ! ) 1.

3 L LR

of n m.mnt normal variables vith oxp-ctoa vuue- (xu. ..,‘xm)

and common varisace (1:- pz),m’-m(x .X ).)_,' 5o pedieanu

11 - Hanmsd ."L
By ™. 3.1.1, ve w.ly obtain:

L

MM sbcoeutmctoauautnbm M
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